The numbers of 2-connected and 2-edge-connected Steinhaus graphs with n vertices are determined for n ¿ 6. The possible generating strings of 2-connected and 2-edge-connected Steinhaus graphs are classiÿed.
Introduction
Let T = a 12 a 13 : : : a 1n be an (n−1)-long string of zeros and ones. The Steinhaus graph G generated by T has as its adjacency matrix the Steinhaus matrix A(G) = [a ij ], which is completed by the following Steinhaus property: In this case, T is called the generating string of G. A Steinhaus triangle is the triangular part above the diagonal of a Steinhaus matrix and hence, is generated by the ÿrst row (which is the generating string) in the triangle. There are exactly 2 n−1 generating strings which determine Steinhaus graphs of order n. The vertices of a Steinhaus graph are usually labelled by their corresponding row numbers. The Steinhaus graph generated by 11000 is shown in Fig. 1 . Steinhaus graphs are named in honor of Hugo Steinhaus who asked in [9] if there is an n-long sequence of zeros and ones which generates a Steinhaus triangle with the same number of zeros and ones. Harborth [7] answered this problem by showing that for n ≡ 0; 3 (mod 4), there are at least four generating strings of length n that generate such triangles. Molluzzo [8] was the ÿrst to form graphs from Steinhaus triangles, but he examined the complements of what we call Steinhaus graphs. The complements of Steinhaus graphs also have been studied in [3, 6] . It is easy to see that all Steinhaus graphs are connected except for the empty graph E n generated by the sequence of all zeros (see [2] ), but the complements can be disconnected.
This paper is organized as follows: Some basic graph theoretical deÿnitions and equivalent expressions for 2-connected Steinhaus graphs are given in Section 2. In Section 3, we enumerate the numbers of 2-connected and 2-edge-connected Steinhaus graphs and we also classify the generating strings of such graphs.
Preliminaries
Let G be a graph. A component of G is a maximal connected subgraph of G. A cut-vertex in G is a vertex whose deletion increases the number of components. Similarly, an edge in G is a bridge if its deletion increases the number of components. A pendent-vertex in G is a vertex of degree 1. Let G be a connected graph. Let W be a set of vertices or a set of edges. If G − W is disconnected, then we say that W separates G. We say that G is k-connected (k¿2) if no set of k − 1 or fewer vertices separates it. Similarly, G is k-edge-connected (k¿2) if no set of at most k − 1 edges separates it. We denote by (G) the minimum degree of G. Any deÿnitions not given here can be found in [1] .
We now state the result of Dym Â a Ä cek concerning 2-connected Steinhaus graphs.
Theorem 1 (Dym Â a Ä cek [5] ). Let n¿6. If G is a Steinhaus graph of order n with (G)¿2, then G has no cut-vertices.
The proof of the above theorem is found in [5] . The following theorem is a consequence of Theorem 1. Theorem 2. Let n¿6 and let G be a Steinhaus graph of order n di erent from E n . Then the following statements are equivalent.
(2) ⇒ (3) Suppose that G has a pendent-vertex u, which is adjacent to v. Then G−uv is disconnected. Hence G is not 2-edge-connected.
(3) ⇒ (1) Suppose that G has no pendent-vertices. Since G is connected, (G)¿2: By Theorem 1, G has no cut-vertices. Hence G is 2-connected.
Also, Dym Â a Ä cek showed Theorem 2 in [4] , independently.
2-connected and 2-edge-connected Steinhaus graphs
Let G be a Steinhaus graph with n vertices generated by a 12 a 13 : : : a 1n : The partner of G; P(G); is the Steinhaus graph generated by the reverse of the last column of the adjacency matrix of G, i.e., a n−1; n a n−2; n : : : a 1n . Note that a Steinhaus graph G is isomorphic to its partner P(G) and the correspondence is vertex i to n − i + 1 for i = 1; 2; : : : ; n=2 .
The aim of this section is to classify 2-connected and 2-edge-connected Steinhaus graphs. By Theorem 2, it is su cient to classify all Steinhaus graphs having a pendentvertex. In the following lemmas, we ÿrst develop a relationship between pendentvertices and their adjacent vertices.
Lemma 3. Let G be a Steinhaus graph of order n with the adjacency matrix [a pq ], and let k and l be pendent-vertices in G which are adjacent to i and j, respectively. If 1¡k¡n or 1¡l¡n, then either k¿i; l¿j or k¡i; l¡j:
Proof. Without loss of generality, we can assume that 1¡k¡n. Suppose that it is not the case that either k¿i; l¿j or k¡i; l¡j: Then k¿i; l¡j or k¡i; l ¿ j. First, we consider the case k¿i; l¡j. Since k is a pendent-vertex which is adjacent to i, the Steinhaus property gives
Case (i): l¿i. In this case, a il = 1 by (1). Since l is a pendent-vertex and j is its adjacent vertex, j = i(¡l): This gives a contradiction because l¡j.
Case (ii): l = i. If two pendent-vertices in a connected graph are adjacent, then the graph is K 2 . Hence vertex l cannot be vertex i.
Case (iii): l¡i. By the Steinhaus property, a l; k+1 = 1 = a l; k−i+l . So the degree of l is at least two, which is a contradiction since l is a pendent-vertex.
In the case k¡i; l¿j, we consider the partner P(G) of G. Then the same procedure of the case k¿i; l¡j leads to a contradiction. Proof. From Lemma 3, we see that either k¿i; l¿j or k¡i; l¡j: First, we consider the case k¿i; l¿j. Without loss of generality, we assume that i6j. Since i6j¡l; a il = 1 by (1) . But now l is a pendent-vertex which is adjacent to j. So i = j. Next, we consider the case k¡i; l¡j. By considering the partner of G, the proof of the case k¡i; l¡j is the same as the ÿrst case.
Lemma 4 says that even if G contains several pendent-vertices, then their adjacent vertices are the same. To express a Steinhaus graph G with pendent-vertices, we use the vertex which is adjacent to the pendent-vertices of G.
We denote by G(k; i) the Steinhaus graph of order n having a pendent-vertex k which is adjacent to vertex i; that is, row k of its adjacency matrix is all 0's except for a 1 in column i and we set Proof. First note that G(1; 2) = G(n; n − 1) since both represent the path (1; 2; 3; : : : ; n − 1; n) and so 2 is always 1. Suppose that G(k; i) = G(l; j) where G(k; i) ∈ S + n and G(l; j) ∈ S − n . We show that k = n and l = 1: Suppose that k = n or l = 1. Then by Lemma 3, either k¿i; l¿j or k¡i; l¡j. In the ÿrst case, G(l; j) ∈ S − n and in the second case, G(k; i) ∈ S + n , both of which are contradictions. Hence k = n and l = 1 and so G(n; i) = G(1; j). Note that a 1; c = c; j (where c; j is the Kronecker delta) and hence a d; j+d−1 = 1 for 16d6n − j + 1: In particular, a n−j+1; n = 1 and so a n; n−j+1 = 1. Therefore, i = n − j + 1 and hence G(1; j) = G(n; n − j + 1). By the Steinhaus property, a c; j = 1 and a c; j−1 = 0 for 16c¡j; (2) a n−j+1; d = 1 for n − j + 1¡d6n:
If j − 1¿n − j + 1 (or j¿ (n + 2)=2 ), then a n−j+1; j−1 = 0 by (2) and a n−j+1; j−1 = 1 by (3), which is a contradiction. Thus 26j6 (n + 2)=2 . Let r = lg( j − 1) and so 2 r−1 ¡j − 162 r . As depicted in Fig. 4 , the Steinhaus matrix A(G) mainly consists of copies of a deleted form of the ÿrst 2 r rows of Pascal's triangle. So, it is easy to see that n − j + 1 = s2 r for some s. The proof of the converse is straightforward, i.e., G(1; j) = G(n; n − j + 1) whenever n − j + 1 = s2 r . In Fig. 4 , this is illustrated for j = 6; r = 3; s = 3, and n = 29. Hence the proof of lemma is completed. By combining Lemmas 5 and 6, we prove the following Theorem.
Theorem 7. Let n¿6. Then the number p(n) of Steinhaus graphs of order n having a pendent-vertex is
where i = min{2 m ; n − i} with m = lg(i) and where
Consequently, by Theorem 2, we have the following result.
Corollary 8. The number of 2-connected and the number of 2-edge-connected Steinhaus graphs of order n is
By this corollary we produce Table 1 . The following theorem describes the possible generating strings of Steinhaus graphs which have a pendent-vertex. Proof. Let 16i¡k6 min{i + 2 m ; n} and let T be a string of the form UW s V where U; V; W; m, and s are as deÿned in the statement of the theorem. Let G be the Steinhaus graph generated by T whose adjacency matrix is [a j;l ]: Using the properties of Pascal's square, it is easy to see that a i; j = 1 for i¡j6n and a j; k+1 = 1 for 16j6i. (Note that the right-most i bits of U are 10 i−1 :) Thus vertices k; k + 2 m ; : : : ; k + s2 m are the pendent-vertices greater than i. Hence k is the pendent-vertex which is adjacent to vertex i. Let 16k6 min{2 lg(n−i+1) ; i − 1}¡i6n and let T be a string of the form 0 i−2 X where X is deÿned in the statement of the theorem. Let G be the Steinhaus graph generated by T whose adjacency matrix is [a j;l ]. By the Steinhaus property, a j;l = 0 for 16j6l¡i and a j; i = 1 for 16j¡i. Since row 1 (column i to column n) is the ÿrst n − i + 1 positions of R 2 lg(n−i+1) −k+2 0 k−2 , row k (column i to column n) is the ÿrst n − i + 1 positions of R 2 lg(n−i+1) +1 . Thus k is the smallest pendent-vertex that is adjacent to i.
Conversely, let G be a Steinhaus graph having a pendent-vertex and let k be the smallest pendent-vertex in G which is adjacent to vertex i. First, we assume that G = G(k; i) ∈ S + n . Let m and s be as deÿned in the statement of the theorem. Since k is a pendent-vertex, by the Steinhaus property, a i; j = 1 for i¡j6n and a j; k+1 = 1 for 16j6i. Thus i¡k6i +2 m for otherwise k − 2 m is a pendent-vertex. Also, a 1; k−i+1 = 1 and a 1; j = 0 for k − i + 26j6k: From these, it is easy to see that the generating string of G is of the form UW s V where U; V , and W are deÿned in the statement of the theorem. This is illustrated in Fig. 3 where s = 3; W = 10100000; U = 0100000 and V = 101. Next we assume that G = G(k; i) ∈ S − n . Since row k of the adjacency matrix of G is all 0's except for a 1 in column i, the Steinhaus property gives a i; j = 1 for 16j¡i: Moreover, row k (from column i to column n) is the ÿrst n − i + 1 positions of R 2 lg(n−i+1) +1 . Thus 16k62 lg(n−i+1) for otherwise k − 2 lg(n−i+1) is a pendentvertex, and row 1 (from column i to column n) must be the ÿrst n − i + 1 positions of R 2 lg(n−i+1) −k+2 0 k−2 . Hence T = 0 i−2 X , as desired.
